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In this paper we studied the behavior of radial photons from the point of view of the coordinate
time in (asymptotically) Lifshitz space-times, and we found a generalization to the result reported
in previous works by Cruz et. al. [Eur. Phys. J. C 73, 7 (2013)], Olivares et. al. [Astrophys.
Space Sci. 347, 83-89 (2013)], and Olivares et. al. [arXiv: 1306.5285]. We demonstrate that all
asymptotically Lifshitz space-times characterized by a lapse funcion f(r) which tends to one when
r → ∞, present the same behavior, in the sense that an external observer will see that photons
arrive at spatial infinity in a finite coordinate time. Also, we show that radial photons in the proper
system cannot determine the presence of the black hole in the region r+ < r < ∞, because the
proper time results to be independent of the lapse function f(r).
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I. INTRODUCTION
Lifshitz space-times have proven to be important from
a holographic point of view. They represent gravity du-
als of non-relativistic systems and they are of particular
interest in the studies of critical exponent theory and
∗Electronic address: jose.villanuevalob@uv.cl
†Electronic address: yerko.vasquez@ufrontera.cl
phase transitions [1, 2]. In these space-times the spa-
tial and the temporal coordinates scale in different ways,
reflecting the symmetries of boundary field theory.
Lifshitz vacua space-times in d-dimensions are repre-
sented by the line element
ds2 = −r
2z
ℓ2z
dt2 +
ℓ2
r2
dr2 + r2d~x2, (1)
where z is the dynamical exponent, ℓ is the only length
scale in the geometry and ~x stands for a spatial (d-2)-
dimensional vector.
This metric is invariant under the following change of
coordinates:
t→ λz t, x→ λx, r → r/λ. (2)
In this way, here z is understood as a measure of the
anisotropy between spatial and temporal coordinates.
For z = 1 we recover the AdS metric in Poincare´ co-
ordinates.
Black hole solutions whose asymptotic behavior is
given by metric (1) have been studied recently. Lifshitz
black holes with a flat transverse section in four dimen-
sions with z = 2 have been reported in [3, 4], a topological
Lifshitz black hole with z = 2 was found in [5], a black
hole with spherical horizon with z = 4 was found in [6], a
three-dimensional Lifshitz black hole with z = 3 was re-
ported in [7], black holes of Lovelock theory can be found
in [8].
2Recently, in [9–11] the authors showed that radial pho-
tons in those Lifshitz backgrounds can reach the asymp-
totic region in a finite coordinate time, as seen by an
external observer. Motivated by these results we ana-
lyzed Lifshitz space-times with an arbitrary dynamical
exponent z, and showed that this behavior still holds.
The paper is organized as follows. In section II we ob-
tain the fundamental equations for massless particles in
the (asymptotically) Lifshitz space-time, then we analyze
the radial motion in terms of the coordinate time. Also,
we analyze different classes of lapse function that appear
in the literature. In section III we analyze the radial mo-
tion of photons in terms of the proper time. Finally, in
section IV we discuss our results and make conclusions.
II. GENERIC LIFSHITZ BLACK HOLE
SPACE-TIME
The metric of a generic Lifshitz space-times can be
written as
ds2 = −r
2z
ℓ2z
f(r) dt2 +
ℓ2
r2
dr2
f(r)
+
r2
ℓ2
d−→x 2 (3)
where −→x is a (d-2)-dimensional vector, and the function
f(r) depends only on the radial coordinate. Furthermore,
this function takes the value f(r) = 1 when r → ∞,
which means that the metrics are asymptotically Lifshitz.
So, the Lagrangian associated with the metric (3) for
radial photons is given by [9, 12]
2L = −r
2z
ℓ2z
f(r) t˙2 +
ℓ2
r2
r˙2
f(r)
= 0, (4)
which is independent of the space-time dimension, and
the dot represents a derivative with respect to an affine
parameter along the trajectory.
Thus, we can immediately obtain the following quadra-
ture
dr
dt
= ±r
z+1
ℓz+1
f(r), (5)
which will be solved by explicitly giving the radial func-
tion f(r). Therefore, assuming that photons are placed
in r = R0 when t = 0, we can write the above equation
as
t = ± ℓz+1
∫ r
R0
dr′
r′z+1f(r′)
. (6)
In order to obtain a full description, we will study differ-
ent space-times characterized by the radial function f(r)
separately.
A. Lifshitz Vacua Space-time
This case represents a space-time without black holes,
i. e., the case with f(r) = 1 [3]. Thus, Eq. (6) is written
as
t(r) = ± ℓz+1
∫ r
R0
dr′
r′z+1
, (7)
so, a straightforward integration yields to
T (X) = ±
[(
1
X0
)z
−
(
1
X
)z]
, (8)
where T = t/ℓ and X = r/ℓ are dimensionless variables,
and X0 = R0/ℓ. Thus, an external observer sees that
photons moving from X = X0 to X = 0 need an infinite
coordinate time to do so, whereas photons moving from
X0 to the spatial infinite needs a finite time, T1, given by
T1 = lim
X→∞
T (X) =
(
1
X0
)z
. (9)
In FIG. 1 we plot the behavior of the dimensionless func-
tion given by Eq. (8).
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FIG. 1: Plot for the dimensionless coordinate time, T ≡ t/ℓ,
of photons generated by the lapse function f(X) = 1 given
by Eq. (8), where X ≡ r/ℓ and X0 ≡ R0/ℓ. Here we presents
several curves for different values of the dynamical exponent
z. This shows that, as seen by a system external to photons,
they will fall asymptotically to origin X = 0. On the other
hand, this external observer will see that photons arrive at
the spatial infinite in a finite coordinate time, T1, given by
Eq. (9).
We know from the above analysis that for Lifshitz
vacua space-times, the integral
t1 = ℓ
z+1
∫ ∞
R0
dr
rz+1
, (10)
converges. Now, we would like to know if the following
integral converges
t1 = ℓ
z+1
∫ ∞
R0
dr
rz+1f (r)
, (11)
3for a generic f (r), with f (r)→ 1 when r →∞.
In order to determine this, we apply the limit compar-
ison test for improper integrals. First, defining f1 (r) =
1
rz+1
and f2 (r) =
1
rz+1f(r) , both positive definite in the
interval [R0,∞).
Now, taking the limit we obtain
a = lim
r→∞
f1 (r)
f2 (r)
= lim
r→∞
f (r) = 1.
This limit is a = 1 for asymptotically Lifshitz black holes;
therefore, in accordance with the criteria for integral con-
vergence, the integral (11) is convergent. This means
that it takes a finite coordinate time to reach the asymp-
totic region of radial photons. In the next sections we
will consider generic functions f (r) and evaluate explic-
ity the integrals (11) for arbitrary z > 0.
B. Asymptotically Lifshitz black hole I
Here we will consider the family of asymptotically Lif-
shitz black holes whose radial function have the form
f(r) = 1− r
n
+
rn
. (12)
Here r+ is the so-called event horizon of the Lifshitz black
hole, and n is a real number which may depend (or not)
on the dynamical exponent z. Functions of this kind can
be found, for example, in [3, 5, 7, 13]. Therefore, we can
rewrite Eq. (6) as
t(r) = ± ℓz+1
∫ r
R0
dr′
r′z−(n−1)
(
r′n − rn+
) , (13)
in which case, a straightforward integration leads us to
the solution
T (X) = ± 1
z
[Ω(X0;X+, z, n)− Ω(X ;X+, z, n)] , (14)
where the function Ω is given explicitly by
Ω(y;X+, z, n) =
1
yz
2F1
(
1,
z
n
,
n+ z
n
,
Xn+
yn
)
, (15)
and X+ ≡ r+/ℓ. In Fig. 2 we plot the behavior of the
dimensionless function given by Eq. (14).
It can be ascertained here that an external observer
will see that photons take an infinite coordinate time to
arrive at the event horizon, which is a common fact with
Einstein’s space-times (S, SdS, SAdS, etc.). Moreover,
again we obtain the situation described in the previous
example, i. e., there is a finite coordinate time in which
photons arrive at the spatial infinite given by
T1 = lim
X→∞
T (X) =
2F1
(
1, z
n
, n+z
n
,
Xn+
Xn
0
)
z Xz0
. (16)
Recently, this behavior has been reported in [9] for
z = 3 and n = 2, in [10] for z = 2 and n = 2, and in [11]
for z = 2 and n = 4.
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FIG. 2: Plot for the dimensionless coordinate time, T ≡ t/ℓ,
of photons generated by the lapse function f(X) = 1−Xn+/X
n
given by Eq. (14), where X ≡ r/ℓ, X+ ≡ r+/ℓ and
X0 ≡ R0/ℓ. Here we present several curves for different val-
ues of the dynamical exponent z and the parameter n. This
shows that, as seen by a system external to photons, they will
fall asymptotically to event horizon X = X+. On the other
hand, this external observer will see that photons arrive at
the spatial infinite in a finite coordinate time, T1, given by
Eq. (16).
C. Asymptotically Lifshitz black hole II
In addition to the case above, let us consider the fol-
lowing function:
f(r) =
(
1− r
n
+
rn
) (
1 +
g
rn
)
, (17)
where r+ is the event horizon and g is any real constant.
This kind of lapse function can be founded, for example,
in [6]. Therefore Eq. (6) can be written as
t(r) = ± ℓz+1
∫ r
R0
dr′
r′z−(2n−1)
(
r′n − rn+
)
(r′n + g)
, (18)
and its dimensionless solution is given by
T (X) = ± Ψ(X0, X+, z, n, g˜)−Ψ(X,X+, z, n, g˜)
z (g˜ +Xn+)
, (19)
where the function Ψ is given explicitly by
4Ψ(y,X+, z, n, g˜) =
Xn+
yz
2F1
(
1,
z
n
,
n+ z
n
,
Xn+
yn
)
+
g˜
yz
2F1
(
1,
z
n
,
n+ z
n
,− g˜
yn
)
, (20)
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FIG. 3: Plot for the dimensioneless coordinate time, T ≡ t/ℓ, of photons generated by the lapse function f(X) = (1 −
Xn+/X
n)(1 + g˜/Xn) given by Eq. (19), where X ≡ r/ℓ, X+ ≡ r+/ℓ, X0 ≡ R0/ℓ and g˜ ≡ g/ℓ
n. LEFT PANEL: Curves with
z = 3 and n = 2 for different values of the constant g; MIDDLE PANEL: Curves with n = 2 and g = 3 for different values of
the dynamical exponent, z; RIGHT PANEL: Curves with g = 2 and z = 3 for different values of the parameter n. This shows
that, as seen by a system external to photons, they will fall asymptotically to event horizon X = X+. On the other hand, this
external observer will see that photons arrive at the spatial infinite in a finite coordinate time, T1, given by Eq. (19).
and g˜ ≡ g/ℓn. In FIG. 3 we plot the behavior of the
dimensionless function given by Eq. (19). Again, we
found the same qualitative behavior as preceding cases.
An external observer will see that photons take an infinite
coordinate time to arrive at event horizon, while they
arrive at the spatial infinite in a finite coordinate time
given by
T1 = lim
X→∞
T (X) =
Ψ(X0, X+, z, n, g˜)
z (g˜ +Xn+)
. (21)
III. A NOTE ON THE PROPER SYSTEM
Since the metric of a Lifshitz space-time is static, the
Lagrangian associated is independent of the temporal co-
ordinate t, and thus, its corresponding canonical conju-
gate momentum is a conserved quantity. So, considering
the Lagrangian (4) we obtain
Πt ≡ ∂L
∂t˙
= −r
2z
ℓ2z
f(r) t˙ = −
√
E. (22)
Therefore, by combining Eq. (5) with Eq. (22) we obtain
the quadrature
dr
dτ
= ± ℓ
z−1
rz−1
√
E, (23)
and its dimensionless solution is given by
Θ(X) = ±X
z −Xz0√
E
, (24)
where Θ ≡ τ/ℓ is the dimensionless proper time. The
first observation of the solution (24) is that the proper
system no detects the shape of the lapse function f(r),
i. e., if photons are in the region r+ < r < ∞ (X+ <
X < ∞), then they cannot determine the presence of
black hole, which is in agreement with General Relativ-
ity, moreover, the Schwarzschild case is recuperated when
z = 1. In this sense, massless particles presents the same
asymptotic behavior as in Einstein’s space-times:
1. They cross the event horizon in a finite (dimension-
less) proper time Θ+ given by
Θ+ ≡ Θ(X+) =
Xz0 −Xz+√
E
, (25)
and, eventually, arrives at the origin in a finite (di-
mensionless) proper time given by
Θ0 ≡ Θ(X = 0) = X
z
0√
E
. (26)
2. They requires an infinite (dimensionless) proper
time to arrive at the spatial infinite, i. e., τ → ∞
when r →∞.
IV. SUMMARY
We obtained a generalization for the behavior of mass-
less particles in a Lifshitz space-time reported in previous
works [9–11]. This generalization is independent of the
dynamical exponent z, and the dimension of space-time.
We found that space-time looks similar to space-times of
general relativity in the sense that an external observer
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FIG. 4: Plot for the dimensionless proper time, Θ ≡ τ/ℓ,
as a function of the dimensionless radial coordinate X ≡ r/ℓ,
where X0 ≡ R0/ℓ. Here we present several curves for different
values of the dynamical exponent z with the same value of the
constant of motion E. Notice that the Schwarzschild case is
recuperated when z = 1.
measures an infinite coordinate time to photons traveling
to the event horizon (or to the origin, if a Lifshitz vacua
space-time is considered). On the other hand, by using
of a simple criterion of convergence, we found a general
condition over the measure of coordinate time employed
by photons to arrive at spatial infinite. Our result is
that an external observer will see that photons arrive at
the spatial infinite in a finite coordinate time, and the
condition is that the lapse function, f(r), tends to one
when r → ∞. Obviously, this condition always satisfies
the asymptotic Lifshitz space-times, and therefore, our
novel result becomes general for all space-times that sat-
isfy the above condition. Additionally, we obtained that,
from the point of view of the proper system, massless
particles present the same behavior as Einstein’s space-
times, because the proper time is independent of the lapse
function f(r), therefore, the photon cannot determine the
presence of the black hole in the region r+ < r <∞.
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